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Motivation

Universal principle for:

O any finite element (shape functions, number of dimensions)
O any yield function (with or without hardening)

O complete set of differential equations
= equilibrium equations
= Hook’s law
= geometrical relations )
= vyield surface and flow rule equation

Definition Get direct FEM
equations
« FE « Insert defined « Solve equations with
« Material fur_1ctjons into the propqsed simple
« Yield function principle algorithm
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Original Hu-Washizu principle

O'U,gy,u I i Ei€udV — Ia |:8 —%( i,j+uj,l.)}dV—jFi udV +...
14

C,, eclasticity tensor

0,,&, stress and strain tensors

displacement vector

Res

body forces vector
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Modified Hu-Washizu principle

1(oy.6,0.2) =~ [Cou 6, 25 ) e )a¥ [, _a;)[gij &, +u].,l.)}dV
V

7
_ I AF, udV |- J' A0(6,)dV |+ ... C,, elasticity tensor
g 4 0,,&, stress and elastic strain tensors (current)
o;,&; stress and elastic strain tensors (previous)
EZ plastic strain tensor (previous)
u, displacement vector
. |AF,  increment of body forces vector
(O-U — Oy )’J’ +Ak, =0 ) plasticity surface formula
(O'U. — 0} ) =Cyy (gk, - 5,’;,) A coefficient of plastic strain increment
olr=0 = . od(c,)| 1 > in volume V
g;+|ei+ A . z—(ui,j+uj,l)
ofept
®(o,)=0
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FEM equations

H(c,e,q,l)=%(8—£”)TC(8—8”)V—(Af)Tq—(c—c”)T (s+£n —Bq)V—/kDV

1 r 3\ ( T n )

q
I 0 Ce" -c" |V
al=0 = 0 cr K o <8>:<( ~ ) >
B -1V KY K¢ ||o eV
o )
B 0 0 KS KS i \l/ i b/'t

For all further particular cryteria and examples plane stress state is assumed:

ax\ &, E 1 v 0

¢ =Ceg, 6=10,¢ E=1&, ¢ C:1 ~lv 1 0
-V

z-xy 7/xy/ 0O O I__V
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FEM equations for Huber-Mises-Hencky yield criterion

Ideal plasticity:

| 4 -2 0
(D(G)ZEGT\VG—ZO'OZ, v=-2 4 0|
0 0 12 b =20V

1
K¢ =—yoV, K= —EGT\VV, K=K =0

1 T a T - 1 a 2_T - 2
Kinematic hardening: CD(")=§G Yo———"6 \I’C3+E£_—J ¢ CyCe-20,
C =cC, 0<ax<l U
( 66 6/ o —n -
A KY =0, K¢ =—£\|IG——\|IC|:8 +A£DV
l-«a
6+ Ac
A6 1 T a n =1"
G| K5 =—V§G \|1+V1_a e +Ag| Cy

1 2 Ag 2 Ag
KY=—py-| % iy CAE—V( @ j  CcwCt
> 2(1—05) P -a) 2 ¥

e & 1 2—n —n
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FEM algorithm

T 0 0o BV 0 rq\ (Af +B76"V | Newton method:
0 Cr -1Ir o0 ||e <(Ca”—cr”)V
F= e -1
BV -1V K Kgﬂ G - ‘ X, =X —K; (Xi)[KS(Xi)Xi_b]
0 0 K K |4 b K - 0(Kx)
N T
¥ 1) ¢
K,x=b
> O
> c
®(6)=0 g
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Verification - ideal plasticity
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Verification - kinematic hardening

p
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2D Cantilever beam
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